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Using the phenomenological quantum friction models introduced by Caldirola-Kanai, Kostin, and
Albrecht, we study quantum tunneling of a one-dimensional potential in the presence of energy
dissipation. To this end, we calculate the tunneling probability using a time-dependent wave packet
method. The friction reduces the tunneling probability. We show that the three models provide
similar penetrabilities to each other, among which the Caldirola-Kanai model requires the least
numerical effort. We also discuss the effect of energy dissipation on quantum tunneling in terms of
barrier distributions.
I. INTRODUCTION
In low-energy heavy-ion fusion reactions, it has been
known that excitations of the colliding nuclei consid-
erably influence the reaction dynamics, that is, fusion
cross sections are largely enhanced as compared to the
prediction of a simple potential model [1–4]. In order
to take into account the excitations during reactions,
the coupled-channels method has been developed. Many
experimental data have been successfully accounted for
with this method by including a few internal degrees of
freedom which are coupled strongly to the ground state
[3, 5]. However, when a large number of channels are
involved, the coupled-channels calculations become in-
creasingly difficult. This is the case, e.g., fusion reac-
tions in massive systems, in which many non-collective
excitations may play an important role [6–9].
To deal with this problem, many phenomenological
models based on the classical concept of friction were
proposed in connection with deep inelastic heavy-ion col-
lisions [10]. Among them, it has been found that the clas-
sical Langevin treatment works well for fusion reactions
and deep inlastic collisions when the incident energy is
higher than the Coulomb barrier [11–13]. When the in-
cident energy is close to the barrier, however, the fusion
reaction takes place by quantum tunneling. Hence, in or-
der to apply these models to low-energy fusion reactions,
a quantum mechanical extension of the friction models is
essential.
Another important issue is to extend the coupled-
channels approach to massive systems by taking into ac-
count the dissipation effects and to develop a quantal
theory for deep inelastic collision with energy and angu-
lar momentum dissipations. Such theory would be able
to describe simultaneously dissipative quantum tunnel-
ing below the Coulomb barrier and deep inelastic col-
lision above the barrier. In that way, one may resolve
a long standing problem of surface diffuseness anomaly
in heavy-ion fusion reactions, that is, an anomaly that a
significantly large value for the surface diffuseness param-
eter in an inter-nuclear Woods-Saxon potential has to be
used in order to account for above barrier data of fusion
cross sections [14–16]. Such theory would also provide
a consistent description for deep subbarrier hindrance of
fusion cross sections [4], for which the dynamics after the
touching of the colliding nuclei play a crucial role [17–19].
Quantum friction has attracted lots of attention as a
general problem of open quantum systems [20–27]. To
date, many attempts at developing a quantum friction
model have been made. They can be mainly categorized
into the following two approaches. The first is to consider
a system with bath, for which the environmental bath is
often simplified as, e.g., a collection of harmonic oscil-
lators [28–30]. The second approach is to treat the cou-
plings to the bath implicitly and introduce a phenomeno-
logical Hamiltonian with which the classical equation of
motion with a frictional force is reproduced as expec-
tation values. For this approach, Caldirola and Kanai
[31, 32], Kostin [33], and Albrecht [34] proposed a her-
mitian Hamiltonian, whose equation of motion contains
a linear frictional force, while Dekker [35] invented an
approach with a non-hermitian Hamiltonian.
In this paper, we employ the second approach and
investigate quantum tunneling in the presence of fric-
tion. Even though the first approach is more micro-
scopic, physical quantities are easier to calculate with
the second approach, and thus it is easier to gain physi-
cal insight into the effect of friction on quantum tunnel-
ing. We particularly consider the three hermitian models
for quantum friction, that is, the Caldirola-Kanai, the
Kostin, and the Albrecht models, in order to discuss the
tunneling problem with quantum friction. We mention
that these Hamiltonians have been applied to a tunneling
problem [36–41], but a systematic study, including a com-
parison among the models, has yet to be carried out with
respect to tunneling probabilities. In this connection, we
notice that Hasse has compared the three models for a
free wave packet propagation and for a damped harmonic
oscillator. He has shown that the time dependence of the
width of a Gaussian wave packet varies significantly from
one model to another while all of these three models lead
to the same classical equation of motion [42]. It is there-
fore not obvious whether the three models lead to similar
penetrabilities to each other.
The paper is organized as follows. In Sec. II we briefly
introduce the three quantum friction models which we
employ. In Sec. III we present our results for penetra-
2bility of a one-dimensional barrier. In order to compare
among the three models, we first carry out a detailed
study on numerical accuracy of the calculations for a free
wave packet propagation. We then discuss the energy de-
pendence of the penetrability obtained with each of these
three models. We also discuss the results in terms of bar-
rier distribution. We finally summarize the paper in Sec.
III C.
II. QUANTUM FRICTION MODELS
A. Classical equation of motion
We consider a system with a particle whose mass is
m, moving in a one-dimensional space q with a potential
V (q) and a linear frictional force. We here consider po-
tential scattering, and regard q as the distance between
the particle and the center of the potential. The classical
equation of motion for the particle reads
dp
dt
+ γ0p+
∂V
∂q
(q) = 0, (1)
where p = mq˙ is the kinetic momentum, the dot denot-
ing the time derivative, and γ0 is a friction coefficient.
We have assumed that the potential depends only on q.
From the classical equation of motion, Eq. (1), the time
derivative of the energy E = p2/2m+ V (q) reads
dE
dt
= −γ0
m
p2. (2)
In constructing the phenomenological quantum friction
models, Eqs. (1) and (2) have been used as a guiding
principle, that is, it is demanded that the time depen-
dence of the expectation values obeys the same equations
as Eqs. (1) and (2) [42].
B. The Caldirola-Kanai model
In the Caldirola-Kanai model, the Hamiltonian de-
pends explicitly on time as [31, 32]
H =
pi2
2m
e−γ0t + V (q)eγ0t, (3)
where pi is a canonical momentum conjugate to q. The
canonical quantization [q, pi] = i~ with p = pie−γ0t leads
to the desired equations,
d
dt
〈p〉+ γ0 〈p〉+
〈
∂V
∂q
(q)
〉
= 0, (4)
d
dt
〈E〉 = −γ0
m
〈
p2
〉
. (5)
Here, the expectation value of an operator O is denoted
as 〈O〉 = ∫ dqψ∗Oψ with a wave function ψ = ψ(q, t). p
can be regarded as the kinetic momentum operator, since
the relation 〈p〉 = m (d 〈q〉 /dt) holds. Notice that the
kinetic momentum operator depends explicitly on time
in this model.
Since the Hamiltonian (3) is hermitian, the probability
is conserved with the continuity equation of
∂ρ
∂t
+
∂J
∂q
e−γ0t = 0, (6)
where ρ = |ψ|2 and J = (~/m)ℑ (ψ∗∂ψ/∂q) are the
probability density and the current, respectively, ℑ de-
noting the imaginary part.
Since the kinetic momentum operator in this model
depends explicitly on time, the commutation relation be-
tween the coordinate and the physical momentum is of
the form
[q, p(t)] = i~e−γ0t. (7)
Hence, the quantum fluctuation disappears as t≫ 1/γ0.
One may consider that this unphysical feature can be
neglected if one considers only a short time behavior.
However, the friction is not active in that time regime,
since the factor e−γ0t determines how much the momen-
tum is damped, and thus the dynamics may be rather
trivial there.
C. The Kostin and the Albrecht models
In the Kostin and the Albrecht models, the momen-
tum operator is kept time-independent, but a nonlinear
potential W is introduced in the Hamiltonian:
H =
p2
2m
+ V (q) + γ0W. (8)
In the Kostin model, the nonlinear potential is taken to
be [33]
WKo =
~
2i
(
ln
ψ
ψ∗
−
〈
ψ
ψ∗
〉)
, (9)
= ~ [ℑlnψ − 〈ℑlnψ〉] , (10)
while in the Albrecht model it is taken as [34],
WAl = 〈p〉 (q − 〈q〉) . (11)
With the canonical quantization, one obtains Eq. (4)
together with
∂ρ
∂t
+
∂J
∂q
= 0, (12)
for both Hamiltonians.
The energy dissipation for the Kostin model is given
by
d
dt
〈E〉 = −γ0
m
〈(
mJ
ρ
)2〉
. (13)
3Kan and Griffin rederived the Kostin Hamiltonian from
a fluid dynamics point of view [43, 44]. In that context,
mJ/ρ in Eq. (13) is the kinetic momentum, and hence
Eq. (13) is similar to Eq. (2). For the Albrecht model,
on the other hand, one obtains
d
dt
〈E〉 = −γ0
m
〈p〉2 , (14)
as is desired. Notice that the energy dissipation is pro-
portional to 〈p2〉 in the Caldirola-Kanai and the Kostin
models (see Eqs. (5) and (13)), while it is 〈p〉2 in the Al-
brecht model. In the classical limit, these quantities are
the same to each other, but they may differ in quantum
mechanics.
In Ref. [42], Hasse discussed a generalization of the Al-
brecht model and suggested a better nonlinear potential,
W , which reproduces the classical reduced frequency for
a damped harmonic oscillator. For simplicity, however,
we consider only the Albrecht model in this paper.
D. Generalization for a collision problem
In the original models for quantum friction, the friction
constant γ0 is treated to be a constant. When consider-
ing friction in a collision problem, however, we have to
introduce a friction form factor f(q), since the energy
dissipation occurs only during interaction. That is, the
form factor f(q) vanishes outside the range of the po-
tential, V (q). A naive replacement of γ0 in the model
Hamiltonians with γ0f(q) does not work due to the q
dependence in the form factor. Alternatively, in this pa-
per we consider a time dependent friction coefficient γ(t)
which vanishes after the interaction. In the simple form
of γ(t) = γ0f(〈q〉t), the dissipation continuously occurs
even after the interaction if an incident wave is equally
bifurcated into transmitted and reflected waves. To avoid
this undesired behavior, we choose the form,
γ(t) = γ0 〈f(q)〉t . (15)
In Ref. [40], Hahn and Hasse discussed a more complex
form factor but showed that the behavior is quite similar
to the simple one.
An extension to the time dependent friction coefficient
is obvious for the nonlinear potential models; just chang-
ing γ0 to γ(t) in Eq. (8). For the Caldirola-Kanai model,
on the other hand, the following modification is necessary
[45]:
H =
pi2
2m
e−
∫
t
0
dt′γ(t′) + V (q) e
∫
t
0
dt′γ(t′). (16)
Here we have assumed that the initial time is t = 0. The
uncertainty relation is now changed from Eq. (7) to
[q, p(t)] = i~ e−
∫
t
0
dt′γ(t′). (17)
Because of these modifications, the three Hamiltoni-
ans are now nonlinear. It means that the superposition
principle is violated. We are forced to admit this unde-
sired property, since they are inevitable in the present
formalism.
III. RESULTS
To calculate the tunneling probability with the three
models discussed in the previous section, we integrate the
time dependent nonlinear Schro¨dinger equation,
i~
∂
∂t
ψ = Hψ. (18)
In what follows, we employ the same potential as in Ref.
[46], that is,
V (q) = V0e
−
q2
2s2 , (19)
with V0 = 100 MeV and s = 3 fm. This potential some-
how simulates the 58Ni+58Ni reaction, and thus we take
mc2 = 29× 938 MeV.
A. Wave packet tunneling without friction
Before we introduce the friction, we first discuss the
time-dependent approach to quantum tunneling. For
the calculation of the tunneling probability for the
time-dependent nonlinear Hamiltonians, the usual time-
independent approach, which imposes the asymptotic
plane wave boundary condition, would not be applica-
ble. An alternative method is to make a wave packet
propagate, then observe how it bifurcates after it passes
the potential region.
A wave packet is a superposition of various waves, each
of which has a different energy. Hence, in order to obtain
the tunneling probability for a certain energy, one needs
either to perform the energy projection [47, 48] or to
broaden the spatial distribution of the wave packet so
that the energy distribution becomes narrow [49]. In the
former method, the tunneling probability is calculated as
the ratio of the energy distribution of a transmitted wave
packet to that of the incident one at a fixed energy. This
method, however, is not applicable in our case, since we
do not know a priori how much energy is lost during a
collision at each energy. Therefore, we shall employ the
latter approach here. To this end, it is necessary to know
how narrow the energy distribution should be in the wave
packet in order to obtain meaningful results.
To clarify the effect of finite width in the energy dis-
tribution, we take the initial wave function in the energy
space ψ˜0(E;Ei) with the Gaussian form,
|ψ˜0(E;Ei)|2 = 1√
2piσ2E
e
−
(E−Ei)
2
2σ2
E , (20)
where Ei and σE are the mean energy and the width
of the energy distribution, respectively. Multiplying
4ψ˜0(E;Ei) by e
ik(q−q0) with E = ~2k2/(2m) and mak-
ing its Fourier transform into the coordinate space, one
obtains the initial wave function in the coordinate space,
ψ(q, t = 0;Ei), which is consistent with the energy dis-
tribution given by Eq. (20). Such wave function has the
mean position of q0. Notice that the energy alone does
not determine the direction of propagation of the wave
packet. It is determined by the interval of the integration
with respect to k. We consider a propagation of the wave
packet from q0 < 0 towards the positive q direction, and
thus we make the integration from k = 0 to ∞. Even
though this initial wave function is somewhat different
from the one used in Refs. [48, 49], we find that this
form is more convenient in order to discuss a correspon-
dence to the time-independent solutions (see Eq. (22)
below).
By integrating the time dependent Schro¨ringer equa-
tion, (18), from t = 0 to t = tf , by which time the
bifurcation of the wave packet has been completed, we
calculate the tunneling probability Twp(Ei) as
Twp(Ei) =
∫
∞
0
dq |ψ(q, tf ;Ei)|2. (21)
In implementing the time integration, it is helpful to in-
troduce the dimensionless time τ ≡ t/t0, by measuring
the time in units of a typical time scale of the prob-
lem, t0. For this, we take t0 as the time taken by a
free classical particle to travel some distance L, that is,
t0 = L/
√
2Ei/m. We choose L so that the final mean
position of the transmitted wave packet at t = t0 is al-
most independent of Ei (and the friction coefficient, γ0)
for each parameter set.
When σE is small enough, it is expected that Twp(Ei)
is nearly the same as the tunneling probability obtained
for a certain energy Ei, Tex(Ei). More generally, the
following relation between Twp and Tex should hold:
Twp(Ei) =
∫
∞
0
dE |ψ˜0(E;Ei)|2Tex(E). (22)
Without friction, Tex(E) can be calculated with the
time-independent approach. The upper panel of Fig. 1
shows the result for σE = 1 MeV. To solve the time
dependent Schro¨dinger equation with a wave packet, we
employ the Crank-Nicholson method together with the
tridiagonal matrix algorithm [50] with grid sizes of ∆τ =
0.00025 and ∆q = 0.01 fm. We take a space of −100 fm
< q < 100 fm, and set q0 = −50 fm and L = 165 fm.
The solid line shows the penetrability obtained with the
time-independent method, while the dots are obtained
with the wave packet method. The dashed line denotes
the average penetrability according to Eq. (22). One can
find that Eq. (22) is valid until the tunneling probability
falls below 10−7.
In order to improve the agreement between Twp and
Tex, one needs a smaller value of σE . The lower panel
of Fig. 1 shows the result for σE = 0.5 MeV. In this
case, we enlarge the space to −150 fm < q < 150 fm
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FIG. 1: Comparison of the tunneling probability of a one-
dimensional potential obtained with several methods. The
solid lines show the penetrability obtained with the time-
independent method, while the filled circles show that with
the time-dependent wave packet method. The dashed lines
denote the smeared tunneling probability, according to Eq.
(22). The upper panel is for the energy width of σE = 1 MeV
in the wave packet, while the lower panel is for σE = 0.5 MeV.
to accommodate a spatially wider wave packet. As one
can see, the penetrability with the time-dependent wave
packet method is now in a good agreement with Tex for
the tunneling probability higher than 10−4. We therefore
use σE = 0.5 MeV for all the calculations shown below.
B. Free wave packet evolution with friction
In order to discuss the value of a friction coefficient as
well as numerical accuracy of the calculations, we next
consider free wave packet in this subsection. As discussed
in Sec. II, the potential and the corresponding friction
form factor should have a similar range. In this paper we
simply employ the same form for the form factor as that
for the potential, Eq. (19),
f(q) =
1√
2pis2
e−
q2
2s2 . (23)
Here f(q) is normalized so that γ0 is interpreted as the
strength of friction. Note that the dimension of γ0 is
altered from inverse time to velocity.
The friction strength γ0 is determined based on the
amount of energy loss. Since the energy loss depends on
energy, we choose the barrier top energy, Ei = 100 MeV,
as a reference. With the mean energy of the transmitted
wave, Ef , the energy loss Eloss is given by Eloss = Ei −
510-7
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FIG. 2: Panels (a)-(c): The numerical accuracy defined by
Eq. (27) in the case of the strong friction. The dashed and
the straight lines show the results without and with friction,
respectively. The dotted lines are the expectation value of
the form factor, 〈f(q)〉. Panel (d): the time dependence of
〈q〉 for the Caldirola-Kanai model. All the calculations are
performed with L = 160 fm.
Ef . We here consider weak and strong friction cases, for
which Eloss is 5 MeV and 30 MeV, respectively. These
are realized when γ0 is chosen as listed in Table I.
strength Caldirola -Kanai Kostin Albrecht
weak (Eloss = 5 MeV) 2.14 2.16 2.17
strong (Eloss = 30 MeV) 13.8 14.0 14.0
TABLE I: The dimensionless friction coefficient γ0/c, c being
the speed of light, for the weak and strong friction cases. All
the values are given in units of 10−3.
Using these friction coefficients, the accuracy of in-
tegration of the time dependent nonlinear Schro¨dinger
equation is tested by checking how well the equation of
motion, Eq. (4), is reproduced. The equation cannot be
solved in the same way as in Sec. III A, since the matrix
10-7
10-6
10-5
10-4
10-3
10-2
10-1
A
cc
u 
  (1
/fm
) no friction
with friction
10-7
10-6
10-5
10-4
10-3
10-2
A
cc
u 
  (1
/fm
)
10-7
10-6
10-5
10-4
10-3
10-2
A
cc
u 
  (1
/fm
)
0 0.2 0.4 0.6 0.8 1
τ
-80
-60
-40
-20
0
20
40
60
<
q>
   
(fm
)
no friction
Caldirola-Kanai
0
0.01
0.02
0.03
<
f>
   
(1/
fm
)
<f>
0
0.01
0.02
<
f>
   
(1/
fm
)
0
0.01
0.02
<
f>
   
(1/
fm
)
(a)
(b)
(c)
(d)
Caldirola
-Kanai
Kostin
Albrecht
FIG. 3: Same as Fig. 2, but in the case of the weak friction.
is no longer in a tridiagonal form due to the nonlinearity.
Instead, we carry out the numerical integration in the
following way.
The discretized Schro¨dinger equation may be given by
i~
ψn+1 − ψn
∆t
=
Hn+1ψn+1 +Hnψn
2
, (24)
at the n-th time grid. Here H is the Hamiltonian which
depends on ψ. In our calculation, we simply neglect the
time dependence of the Hamiltonian and obtain,
i~
ψn+1 − ψn
∆t
= Hn
ψn+1 + ψn
2
. (25)
We integrate this equation with grid sizes of ∆τ =
0.00025, ∆q = 0.01 fm for the Caldirola-Kanai and the
Kostin models, and ∆τ = 0.00015, ∆q = 0.01 fm for the
Albrecht model.
A care must be taken in integrating the equation for
the Kostin model. The nonlinear potential Eq. (10) is
nothing but the phase of a wave function, and hence a
naive estimation leads to discontinuities in the potential.
However, one can estimate the continuous phase by the
6following definition [44] (see also Ref. [25]):
argψ(q, t) = ℑ lnψ(q, t) + 2pi(n+ − n−), (26)
where n+ and n− are the number of crossing the discon-
tinuous points from pi to −pi and from −pi to pi, respec-
tively. We take q = 0 as a reference and compute n+ (n−)
by counting the point where adjacent phase differs by less
than −4 (more than 4).
Our numerical test is carried out for Ei = 100 MeV.
We compare the following quantity with that of the no
friction:
Accu ≡ 1
~
∣∣∣∣ ddτ 〈p〉+ γt0 〈p〉
∣∣∣∣ . (27)
Since we do not consider the potential in this subsec-
tion, this quantity vanishes if the equation of motion is
fully satisfied. The accuracy for the strong friction case
is shown in Figs. 2 (a)-(c) for the three friction mod-
els. The expectation value of the form factor, 〈f〉, is also
shown to illustrate the effect of nonlinearity on numerical
accuracy. The corresponding 〈q〉 as a function of τ is also
shown in Fig. 2 (d) for the Caldirola-Kanai model (the
results for the other two models are almost the same and
are not shown in the figure). We have verified that the
probability is conserved within a numerical accuracy for
all the calculations. It is found that the Caldirola-Kanai
model can be integrated as accurately as the no friction
case. In contrast, the reproduction of the equation of
motion is less satisfactorily with the Kostin and the Al-
brecht models due to the nonlinearity of the equations.
This is expected if the nonlinearity due to the form factor
plays a much less important role as compared to the non-
linearity of the equation itself, since the nonlinearity of
the Caldirola-Kanai model is caused only by the friction
form factor, Eq. (23). Actually, we have verified that the
accuracy remains almost the same as Fig. 2 even without
the form factor for all the models.
Notice that the increase of Accu at large τ is due to the
finiteness of our space, that is, q is limited in the range
of −150 fm ≤ q ≤ 150 fm. An accumulation of numerical
errors is rather small, as no increase is observed when L
is taken to be small enough so that the tail of the wave
packet does not reach the edge of the box at τ = 1 while
keeping the number of step in the τ integration to be the
same.
The accuracy of the nonlinear potential models does
not improve even for the weak friction, as shown in Figs.
3 (a)-(c). Even though the absolute value of Accu is
slightly reduced in this case, the τ -dependence remains
almost the same.
We should note that the damping from a bound excited
state to the ground state can successfully be described
with the Kostin model [44, 51]. Actually we also have
verified it for a harmonic oscillator with the same grid
sizes. An application to scattering problems seems more
difficult with our present numerical method.
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FIG. 4: The time-evolution of a wave packet for a tunneling
problem in the Caldirola-Kanai model. The upper, the mid-
dle, and the lower panels correspond to the case of without
friction, the weak friction, and the strong friction, respec-
tively. The initial energy Ei and L are set to be Ei = 100
MeV and L = 165 fm for the no friction, Ei = 103 MeV and
L = 165 fm for the weak friction, and Ei = 120 MeV and
L = 185 fm for the strong friction.
C. Quantum tunneling with friction
Let us now discuss dissipative quantum tunneling, i.e.,
quantum tunneling in the presence of friction. For an
illustration, Fig. 4 shows the time-evolution of the wave
packet for the Caldirola-Kanai model. The initial mean
energy is chosen so that the transmitted wave packet has
an appreciable amount. The calculations are performed
with Ei = 100 MeV and L = 165 fm for the no friction,
Ei = 103 MeV and L = 165 fm for the weak friction, and
Ei = 120 MeV and L = 185 fm for the strong friction.
The behavior is quite similar also for the nonlinear poten-
tial models. Notice that the reflected and the transmitted
wave packets at τ = 1 largely deviate from a symmetric
Gaussian shape in the presence of friction.
Figs. 5 and 6 compare the tunneling probability as a
function of energy obtained with the three friction models
for the weak and the strong friction cases, respectively.
We plot only the tunneling probability larger than 10−4,
according to the discussion in Sec. III A. One can see that
the tunneling probability of the three models is nearly
the same, even though there might be a possibility that
the results of the Kostin and the Albrecht models suffer
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lines for a comparison.
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FIG. 6: Same as Fig. 5, but with the strong friction.
from numerical errors with the present setup of numer-
ical calculations (see the discussion in Sec. III B). It is
interesting to notice that the Caldirola-Kanai and the
Kostin models lead to almost the same results to each
other, while the result of the Albrecht model slightly de-
viates from the other two models. Even though the exact
cause of this different behavior is not known, a possi-
ble origin may be the fact that the energy dissipation
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FIG. 7: Upper panel: the penetrabilities for the Caldirola-
Kanai model as a function of incident energy. The solid line
corresponds to the no friction case. The dashed and the dot-
ted lines are for the weak and strong friction cases, respec-
tively. Lower panel: the corresponding barrier distribution
defined as the first energy derivative of the penetrability.
is slightly different between the Albrecht model and the
Caldirola-Kanai/Kostin models (see the discussion below
Eq. (14)).
In what follows, we focus only on the result of the
Caldirola-Kanai model. As can be seen in the upper
panel of Fig. 7, the stronger the friction is, the lower the
tunneling probability results in. This behavior is consis-
tent with the results of Ref. [36] for a rectangular barrier
unless the tunneling probability is extremely small. Ref.
[36] showed that the tunneling probability is not affected
by friction at energies well below the barrier. Whereas
the numerical accuracy has yet to be estimated in order
to draw a conclusive conclusion concerning the role of
friction in quantum tunneling at deep subbarrier ener-
gies, we simply could not confirm the result of Ref. [36]
because a finite width in the wave packet prevents us to
go into the deep subbarrier energy region (see the lower
panel of Fig. 1). In Ref. [39], McCoy and Carbonell ar-
gued that the tunneling probability is either increased or
decreased by fiction depending on the magnitude of the
barrier height and width. We do not confirm their results
either, partly because we do not include the fluctuation
term in the Hamiltonian.
In order to gain a deeper insight into the role of friction
in quantum tunneling, we next discuss a barrier distri-
bution. In the field of heavy-ion subbarrier fusion reac-
tions, the so called fusion barrier distribution has been
widely used in analyses of experimental data [2, 52]. This
quantity is defined as the second energy derivative of the
product of the incident energyE and fusion cross sections
σfus, that is, d
2(Eσfus)/dE
2 [53], and has provided a con-
8venient representation in order to study the underlying
dynamics of subbarrier fusion reactions. For the tunnel-
ing problem, this quantity corresponds to the first energy
derivative of the penetrability, dT/dE [3]. The barrier
distribution for the Caldirola-Kanai model is shown in
the lower panel of Fig. 7. Whereas the barrier distribu-
tion shows a symmetric peak in the case of no friction,
some strength is shifted towards higher energies as the
strength of the friction increases and the barrier distri-
bution becomes structured. It is interesting to notice that
a similar behavior has been obtained in coupled-channels
calculations for fusion in relatively heavy systems, such
as 100Mo+100Mo [54].
The barrier distribution indicates that the energy
damping during tunneling results in a increased effec-
tive barrier, whose height is thus energy dependent and
is determined by the strength of friction. This leads us
to two different points of view for dissipative quantum
tunneling. From one view point, the incident energy is
damped by friction while a wave packet traverses towards
a fixed barrier. This can be interpreted in a different way
as that the effective barrier increases dynamically due
to the friction for a fixed value of incident energy. The
barrier distribution shown in Fig. 7 well represents this
dynamical point of view of friction.
IV. SUMMARY
We have investigated the effects of friction on quan-
tum tunneling by applying the three friction models,
the Caldirola-Kanai, the Kostin, and the Albrecht mod-
els, to a one-dimensional tunneling problem. We have
studied the energy dependence of the tunneling proba-
bility obtained as the barrier penetration rate of a wave
packet, whose initial energy variance is set to be small
enough. In order to limit a region where the dissipation
is active, we have introduced the time dependent fric-
tion coefficient. We have shown that the friction tends
to prevent the wave packet from penetrating the barrier,
and thus the penetrability decreases as a function of the
strength of friction. We have found that the three mod-
els lead to similar penetrabilities to each other. We have
also discussed the effect of friction on quantum tunnel-
ing in terms of barrier distribution and have shown that
the barrier distribution becomes structured due to fric-
tion by shifting effective barriers towards higher energies.
Among the three models which we considered in this pa-
per, we have found that the numerical accuracy can be
most easily handled with the Caldirola-Kanai model.
Very recently, it has been found experimentally that
heavy-ion multi-nucleon transfer processes in 16,18O, 19F
+ 208Pb reactions populate highly excited states in the
target-like nuclei [55]. One may be able to describe such
processes by extending the friction models considered in
this paper to multi-channel cases. We are now working
towards this direction, and we will report our results in
a separate paper. Another interesting future direction is
to include the random force term to the quantum fric-
tion Hamiltonians and investigate its effect on quantum
tunneling. For this purpose, a proper quantization of the
fluctuation term will be needed.
[1] A.B. Balantekin and N. Takigawa, Rev. Mod. Phys. 70,
77 (1998).
[2] M. Dasgupta, D.J. Hinde, N. Rowley, and A.M. Stefanini,
Annu. Rev. Nucl. Part. Sci. 48, 401 (1998).
[3] K. Hagino and N. Takigawa, Prog. Theor. Phys. 128,
1061 (2012).
[4] B.B. Back, H. Esbensen, C.L. Jiang, and K.E. Rehm,
Rev. Mod. Phys. 86, 317 (2014).
[5] K. Hagino, N. Rowley, and A.T. Kruppa, Comp. Phys.
Comm. 123, 143 (1999).
[6] S. Yusa, K. Hagino, and N. Rowley, Phys. Rev. C88,
054621 (2013).
[7] S. Yusa, K. Hagino, and N. Rowley, Phys. Rev. C88,
044620 (2013).
[8] S. Yusa, K. Hagino, and N. Rowley, Phys. Rev. C85,
054601 (2012).
[9] S. Yusa, K. Hagino, and N. Rowley, Phys. Rev. C82,
024606 (2010).
[10] P. Fro¨brich and R. Lipperheide, Theory of Nuclear Reac-
tions, (Oxford University Press, Oxford, 1996).
[11] P. Fro¨brich and I.I. Gontchar, Phys. Rep. 292, 131
(1998).
[12] V. Zagrebaev and W. Greiner, J. Phys. G31, 825 (2005).
[13] V. Zagrebaev and W. Greiner, Nucl. Phys. A944, 257
(2015).
[14] J.O. Newton, R.D. Butt, M. Dasgupta, D.J. Hinde, I.I.
Gontchar, C.R. Morton, and K. Hagino, Phys. Rev. C70,
024605 (2004).
[15] J.O. Newton, R.D. Butt, M. Dasgupta, I. Gontchar, D.J.
Hinde, C.R. Morton, A. Mukherjee, and K. Hagino, Phys.
Lett. B586, 219 (2004).
[16] K. Hagino, N. Rowley, and M. Dasgupta, Phys. Rev.
C67, 054603 (2003).
[17] T. Ichikawa, Phys. Rev. C92, 064604 (2015).
[18] T. Ichikawa and K. Matsuyanagi, Phys. Rev. C88,
011602(R) (2013).
[19] T. Ichikawa, K. Hagino, and A. Iwamoto, Phys. Rev.
C75, 064612 (2007).
[20] A.I. Volokitin and B.N.J. Persson, Phys. Rev. Lett. 106,
094502 (2011).
[21] R. Zhao, A. Manjavacas, F.J. Garcia de Abajo, and J.B.
Pendry, Phys. Rev. Lett. 109, 123604 (2012).
[22] S. Garashuchuk, V. Dixit, B. Gu, and J. Mazzuca, J. of
Chem. Phys. 138, 054107 (2013).
[23] F. Intravaia, R.O. Behunin, and D.A.R. Dalvit, Phys.
Rev. A89, 050101(R) (2014).
[24] F. Intravaia, R.O. Behunin, C. Henkel, K. Busch, and
D.A.R. Dalvit, Phys. Rev. Lett. 117, 100402 (2016).
[25] R. Katz and P.B. Gossiaux, Ann. of Phys. 368, 267
(2016).
9[26] C.-C. Chou, Ann. of Phys. 373, 325 (2016).
[27] D.K. Efimkin, J. Hofmann, and V. Galitski, Phys. Rev.
Lett. 116, 225301 (2016).
[28] U. Weiss, Quantum Dissipative Systems, (World Scien-
tific, 2008).
[29] A.O. Caldeira and A.J. Leggett, Phys. Rev. Lett. 46, 211
(1981).
[30] A.O. Caldeira and A.J. Leggett, Ann. of Phys. 149, 374
(1983).
[31] P. Caldirola, Nuovo Cimento 18, 393 (1941).
[32] E. Kanai, Prog. Theor. Phys. 3, 440 (1948).
[33] M.D. Kostin, J. Chem. Phys. 57, 3589 (1972).
[34] K. Albrecht, Phys. Lett. B56, 127 (1975).
[35] H. Dekker, Phys. Rev. A16, 2126 (1977).
[36] J.D. Immele, K.-K. Kan, and J.J. Griffin, Nucl. Phys.
A241, 47 (1975).
[37] R.W. Hasse, J. Phys. A11, 1245 (1978).
[38] R.G. Carbonell and B.J. McCoy, J. of Stat. Phys. 21,
301 (1979).
[39] B.J. McCoy and R.G. Carbonell, Phys. Rev. A29, 399
(1984).
[40] K. Hahn and R.W. Hasse, Nucl. Phys.A417, 351 (1984).
[41] S.Baskoutas and A.Jannussis, J. Phys. A: Math. Gen. 25
L1299 (1992).
[42] R.W. Hasse, J. Math. Phys. 16, 2005 (1975).
[43] K.-K. Kan and J.J. Griffin, Rev. Mod. Phys. 48, 467
(1976).
[44] S. Garashchuk, V. Dixit, B. Gu, and J. Mazzuca, J.
Chem. Phys 138, 054107 (2013).
[45] T. Srokowski, Acta Phys. Pol. B17, 657 (1986).
[46] K. Hagino and A.B. Balantekin, Phys. Rev. A70, 032106
(2004).
[47] K. Yabana, Prog. Theor. Phys. 97, 437 (1997).
[48] M. Boselli and A. Diaz-Torres, Phys. Rev. C92, 044610
(2015).
[49] B.G. Giraud, S. Karataglidis, K. Amos, and B.A. Rob-
son, Phys. Rev. C69, 064613 (2004).
[50] S.E. Koonin and D.C. Meredith, Computational physics:
Fortran Version (Addison-Wesley Publishing Company,
1990).
[51] C.-C. Chou, Ann. Phys. 362, 57 (2015).
[52] J.R. Leigh et al., Phys. Rev. C52, 3151 (1995).
[53] N. Rowley, G.R. Satchler, and P.H. Stelson, Phys. Lett.
B254, 25 (1991).
[54] N. Rowley, N. Grar, and K. Hagino, Phys. Lett. B632,
243 (2006).
[55] D.C. Rafferty et al., Phys. Rev. C94, 024607 (2016).
